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We construct gauge theories with a vector multiplet and hypermultiplets of (1, 0) supersymmetry
on the six-sphere. The gauge coupling on the sphere depends on the polar angle. This has a
natural explanation in terms of the tensor branch of (1, 0) theories on the six-sphere. For the vector
multiplet we give an off-shell formulation for all supersymmetries. For hypermultiplets we give an
off-shell formulation for one supersymmetry. We show that the path integral for the vector multiplet
localizes to solutions of the Hermitian-Yang-Mills equation, which is a generalization of the (anti-
)self duality condition to higher dimensions. For the hypermultiplet, the path integral localizes to
configurations where the field strengths of two complex scalars are related by an almost complex
structure.
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1. Introduction and summary
The study of supersymmetric theories on curved spaces has led to insights into the dynamics
of strongly coupled theories. Several exact results for partition functions and other supersymmet-
ric observables have been obtained using supersymmetric localization. One of the simplest curved
spaces that admits global supersymmetries is a d-dimensional sphere, Sd. Since Sd is conformally
flat there is a canonical way to put a superconformal field theory (SCFT) on it. For non-conformal
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theories, radius of Sd serves as an IR regulator which preserves supersymmetry. Following the sem-
inal work of Pestun [1], theories on Sd for d ≤ 7 and with various number of supersymmetries have
been studied in [2–7] (see [8] for a review). All known results for supersymmetric partition functions
on Sd can be expressed as analytic functions of d [9]. This analytic continuation is consistent with
the decompactification limit of corresponding theories [10]. In [11], partition functions for theories
with four and eight supersymmetries were obtained, treating the dimension of Sd as an analytic
parameter.
A generic feature of theories that have been studied using localization is the existence of a
Coulomb branch. Exact results remain elusive for theories with minimal supersymmetry in four
and six dimensions. For S4, the localization computation has not been possible due to a technical
difficulty [12, 13]: no suitable localization term is known. For S6 there was no known construction
with eight supercharges.
The case of supersymmetric theories on S6 is intriguing. Based on the approach of [14] a
limited analysis of the off-shell 6D supergravity was carried out in [15]. It did not find S6 to
be a supersymmetric background. Group theoretic arguments of [16] also seem to suggest that
theories on S6 with eight supersymmetries do not exist: there is no supergroup which contains
the isometry group of S6 and only eight supercharges. An implicit assumption in these arguments
is that the bosonic symmetry group of the theory contains the full isometry group of the sphere.
However, it is possible that the Lagrangian explicitly breaks part of the sphere isometry. This
can be done by adding terms in the Lagrangian that depend on the position on the sphere. Such
constructions, though somewhat exotic, are not unfamiliar in supergravity and field theory. From
the perspective of supergravity one can have a supersymmetric solution with non-trivial values of
background fields that do not necessarily preserve the isometries of the metric. From the perspective
of field theory such situations arise by promoting the parameters to be space dependent. For
example, maximally supersymmetric theories with varying gauge coupling and theta-angle in four
dimensions were considered in [17–19]. Theories with eight supercharges and space dependent
coupling on certain four-manifolds were constructed in [20].
Another motivation to look for the construction of (1, 0) theories on S6 is their relation to
6D (1, 0) SCFTs [21]. These SCFTs have a tensor branch of vacua on which the low energy
theory is the (1, 0) super Yang-Mills (SYM). The gauge coupling in the IR theory is related to
the VEV of the scalar in the tensor multiplet. Being an SCFT, it can be naturally put on S6
while preserving all supersymmetries. The IR theory on the tensor branch on S6 will then be a
conventional supersymmetric gauge theory on S6. The scalar field gets a conformal mass term on
S
6 and a constant non-zero value is no longer a solution of equations of motions (EoMs). It is
conceivable that the VEV on S6 gives a supersymmetric theory with non-constant coupling.
Let us demonstrate this point in a little more detail for the case of 4D N = 4 SYM. In flat
space the theory has a supersymmetric Coulomb branch of vacua parameterized by the VEVs of
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the scalars. In the notation of [1] the conformally coupled theory on S4 of radius r is
L = 12FMNFMN −Ψ /DΨ+ 2r2φIφI , δAM = (ǫΓMΨ) , δΨ = 12FMNΓMNǫ+ 12φIΓµI∇µǫ. (1.1)
Let us look for a supersymmetric solution where Aµ = Ψ = [φI , φJ ] = 0. Such solution has to
satisfy
∇2φI = 2
r2
φI , ∇µφIΓµIǫ+ 12φIΓµI∇µǫ = 0. (1.2)
Clearly a non-zero constant value of the scalar fields does not satisfy the above constraints. The
simplest solution to the EoM is φI = cI
(
1 + β2x2
)
, where cI is constant, β = 12r , and x
µ are
stereographic coordinates on S4. This solution breaks half of the 32 supersymmetries. Broken su-
persymmetries correspond to special conformal supersymmetries in the flat space while the Poincare´
supersymmetries are preserved. This analysis is closely related to the existence of half-BPS scalar
field configurations of maximally supersymmetric theories on AdS spacetime [22].
Let us now turn to 6D theories. The scalar in the tensor multiplet couples to the vector
multiplet in the following way
∫
φTr (F ∧ ⋆F ) + 12∂µφ∂µφ+ · · · , (1.3)
where . . . denote terms irrelevant to our discussion. On the tensor branch this interaction gives rise
the effective gauge coupling of the theory
1
g2YM
= 〈φ〉. (1.4)
On S6, however one has a conformal mass term 3
r2
φ2 for the scalar field in (1.3). In its presence
a constant φ with other fields vanishing is not a solution of the EoMs. The simplest solution is
φ ∝ (1 + β2x2)2. The effective theory on the tensor branch on S6 has a position dependent coupling.
It remains to be shown that such a solution preserves some amount of supersymmetry on the sphere.
We shall see in this paper that the heuristic picture presented above emerges from a more
rigorous analysis. In this paper we construct theories on S6 with features described above, i.e., a
non-constant coupling and (1, 0) supersymmetry. We first construct Lagrangian for the (1,0) vector
multiplet. We start from a flat-space theory and then deform the Lagrangian and the supersymmetry
transformations to obtain sufficient conditions to put this theory on a curved space while preserving
supersymmetry. Indeed we find that by allowing the coupling to depend on the polar angle, we can
construct a supersymmetric theory on S6. We find the following profile for the effective coupling.
1
g2eff
=
1
g2YM
(
1 + β2x2
)2
, (1.5)
where gYM is a constant parameter with the dimension of length. The coupling is zero at the south
3
pole (x→∞) and smoothly varies to a non-zero value gYM at the north pole (x→ 0). The position
dependence of the coupling is the same as argued above. The resulting Lagrangian is invariant only
under an SO(6) ⊂ SO(7) isometry group of S6, which leaves the polar angle fixed. We then carry
out a similar analysis for hypermultiplets and construct a supersymmetric Lagrangian on S6.
With an eye towards application of localization we give an off-shell formulation of these theories.
For the vector multiplet, we start from an off-shell formulation on R6 for all supersymmetries and
obtain an off-shell formulation on S6 for all supersymmetries. For hypermultiplets, however, we give
an off-shell formulation only for a particular supercharge. This involves introducing pure spinor-like
objects as is familiar from off-shell formulation of higher dimensional SYM [23].
Using localization, we show that the path integral for the vector multiplet localizes onto so-
lutions of the Hermitian Yang-Mills (HYM) equation on S6 which is a generalization of the (anti-
)self-duality condition on gauge field in 4D. Solutions of the HYM equation correspond to extended
non-perturbative configurations in 6D. The path integral for the hypermultiplet localizes onto con-
figurations where the 1-form field strengths of two complex scalars of the hypermultiplet are related
via an almost complex structure. In the perturbative sector (i.e., vanishing gauge field) a simple
solution of the localization locus is also a solution of the EoMs of the classical action. This solution,
however, diverges at the south pole which leads to a divergent classical action.
The rest of this paper is organized as follows: In section 2 we start by introducing necessary
notation and our approach in 4D. We then explicitly construct the action and off-shell supersym-
metry transformations for the (1,0) vector multiplet in section 3. In section 4 we do the same for
interacting hypermultplets. In section 5 we apply the localization procedure to these theories and
obtain the localization locus. We present our conclusions and discuss further issues in section 6.
Appendices contain our conventions and technical details of numerous computations.
2. Warm-up in four dimensions
Before considering S6, it is instructive to do the analysis in a familiar four-dimensional setting.
Curved four-manifolds admitting supersymmetric gauge theories have been studied in detail using
supergravity techniques (see for example [24–26]). Our goal here is simple. We start from a theory
on R4 and modify the Lagrangian and supersymmetry transformations explicitly to put it on a
curved manifold M4.
One can not impose a real structure on the minimal complex super-Poincare algebra in Eu-
clidean 4D. So the construction of a minimally supersymmetric theory requires one to double the
number of degrees of freedom (DoFs). Formally, this can be done by considering a field and its
hermitian conjugate as transforming independently under the supersymmetry transformations. The
path integral over the bosonic fields is understood as a choice of a half-dimensional contour in the
space of complex fields. The path integral over the fermionic fields is an algebraic operation defined
by the rules of Berezin integration. With this understanding, the Lagrangian for the minimally
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supersymmetric theory on R4 is1
LR4 = 12F 2 + 12ψ1/∂ψ2 − 12ψ2/∂ψ1 + 12D2, (2.1)
where D is an auxiliary field. The supersymmetry transformations are given by
δAµ =
(
ξ1 Γµψ
2
)− (ξ2Γµψ1) , δD= − (ξ1/∂ψ2 + ξ2/∂ψ1) ,
δψ1 = −12FµνΓµνξ1 +Dξ1, δψ2= −12FµνΓµνξ2 −Dξ2.
(2.2)
In Minkowskian signature ψ1(ξ1) is related to ψ2
(
ξ2
)
by complex conjugation but in Euclidean
signature they are a priori independent. ψ1
(
ξ1
)
have positive chirality while ψ2
(
ξ2
)
have negative
chirality.
Let us introduce the following useful notation,
ψi ≡
(
ψ1
ψ2
)
, ξi ≡
(
ξ1
ξ2
)
. (2.3)
The indices i, j, ... take values 1 and 2. They are raised and lowered by the antisymmetric matrix
εij defined as
εij ≡
(
0 1
−1 0
)
, εij ≡
(
0 1
−1 0
)
, εijε
ik = δi
k. (2.4)
The auxiliary field can also be expressed as the 2× 2 matrix
Dij = −D
(
0 1
1 0
)
. (2.5)
With this notation, the Lagrangian and the supersymmetry tranformations can be written in a
compact form. To put the theory on a curved four-manifold M4 we start by covariantizing the
Lagrangian and the supersymmetry transformations.
LM4 = 12F 2 + 12ψi /∇ψj εij − 14DijDij,
δAµ =
(
ξiΓµψ
j
)
εij , δψ
i = −12FµνΓµνξi +Dijξj , δDij = 2ξ(i /∇ψj).
(2.6)
The change in LM4 under a supersymmetry transformation is (see appendix B.1 for derivation)
δLM4 = 12Fµν
(
ψiΓ
ρΓµν∇ρξi
)
. (2.7)
1We drop the overall factor if inverse coupling squared for notational simplicity throughout this paper.
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The action of two consecutive supersymmetry transformations on fields is given by (see appendix B.2)
δ2Aµ = LvAµ −∇µ (Aνvν) ,
δ2ψi = vµ∇µψi + Γµνξi
(
ψjΓν∇µξj
)
,
δ2Dij = vµ∇µDij + 2
(
ξ(i /∇ξk
)
Dj)k − Fµν
(
ξ(iΓρΓµν∇ρξj)
)
,
(2.8)
where vµ is the vector field vµ ≡ ξiΓµξi. The first term in δ2Aµ is a Lie derivative along the
vector vµ while the second term is a gauge transformation w.r.t parameter −Aνvν . To complete
the construction, we need to show that the r.h.s of eq. (2.7) vanishes up to total derivatives and δ2
generates a bosonic symmetry of the theory.
There are two simple ways to satisfy both of these conditions. One is to assume that the
supersymmetry parameter is a Killing spinor (KS)
∇µξi = 0. (2.9)
This ensures that δLM4 = 0 and vµ is a covariantly constant vector. All but the first term in
δ2ψi and δ2Dij vanish and the supersymmetry algebra indeed closes on a bosonic symmetry. The
integrability condition implies that for a non vanishing solution of the KS equation one must have
Rµν = 0. This gives a way of putting minimally supersymmetric theories on Ricci flat spaces.
Another way to satisfy both conditions is to let the supersymmetry parameter be a conformal
Killing spinor (CKS), in which case
∇µξi = Γµξ˜i. (2.10)
δLM4 and the last term in δ2Dij vanish due to a numerical accident, i.e., ΓρΓµνΓρ = 0 in four
dimensions. The second term in δ2Dij does not vanish or take the form of a bosonic symmetry for
arbitrary ξ˜i. However, for ξ˜i ∝ ξi2,
ξ(i /∇ξkDj)k = 4ξ(iξ˜kDj)k = 0. (2.11)
Using the Fierz identity in eq. (A.10) one can explicitly show that the second term in δ2ψi becomes
Γµνξi
(
ψjΓν∇µξj
)
= 12
(
ξ˜jΓµνξj
)
Γµνψi = 14∇µvνΓµνψi. (2.12)
This along with the first term forms the spinorial Lie derivative along the vector field vµ. The
condition ξ˜i ∝ ξi also ensures that vµ is a Killing vector field and hence the supersymmetry algebra
closes onto bosonic symmetries of the theory.
Since S4 admits non trivial CKS, we conclude that a minimally supersymmetric theory can
2The proportionality constant is β for S4 and is fixed by the integrability condition.
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be defined on S4. The Lagrangian we constructed is the same as the one found in [12] by the
dimensional reduction of 5D SYM.
3. (1,0) vector multiplet on S6
We now perform an analysis, similar to that of the previous section, in 6D. We will focus on
putting the (1,0) theory on S6. We shall see that the situation is different in this case as a mere
covariantization does not give a supersymmetric theory on S6. One has to modify the Lagrangian
and the supersymmetry transformations further.
3.1. Lagrangian and supersymmetry transformations
On-shell (1,0) vector multiplet consists of a gauge field and a Weyl-fermion with four DoFs
each. Off-shell, they have five and eight DoFs respectively. For off-shell supersymmetry we need
three auxiliary fields. They fit nicely with the notation already introduced, where we impose
Dij = Dji , i, j = 1, 2. (3.1)
but the components are otherwise independent3. The flat-space Lagrangian and the supersymmetry
transformations have the same form as in eq. (2.6) with an important difference: ψ1, ψ2, ξ1 and
ξ2 have the same chirality. The field content contains eight fermionic DoFs of the same chirality
and supersymmetry transformations are generated by eight parameters of the same chirality. The
Lagrangian and the supersymmetry transformations depend on these parameters holomorphically
and the theory is chiral.
To put the theory on a curved manifold M6, we proceed as in the case of four dimensions
by covariantizing the flat-space theory. The variation of the Lagrangian under a supersymmetry
transformation and two supersymmetry transformations of the fields are given by
δLvecM6 = 12Fµν
(
ψiΓ
ρΓµν∇ρξi
)
+ t.d,
δ2Aµ = LvAµ −∇µ (Aνvν) , δ2ψi = vµ∇µψi + Γµνξi
(
ψjΓν∇µξj
)
,
δ2Dij = vµ∇µDij + 2
(
ξ(i /∇ξk
)
Dj)k − 12Fµν∇ρ
(
ξiΓρµνξj
) − Fµν (ξ(iΓν∇µξj)) ,
(3.2)
where t.d is a total derivative term
t.d = −14∇ρ
(
Fµν
(
ψiΓ
ρµνξi
))
+ 12∇µ
(
Fµν
(
ψiΓνξ
i
))− 12∇ρ (Dij (ξiΓρψj)) . (3.3)
For a KS, the supersymmetry algebra closes off-shell and the Lagrangian is invariant. In this way
3Usually, one would use three real auxiliary fields K1,K2,K3 in terms of which the auxiliary field contribution is
manifestly positive-definite ( proportional to K21 +K
2
2 +K
2
3 ) .
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we can construct supersymmetric theories on CY3-folds as was done in [15]. For a CKS, δLM6
does not vanish. This is essentially because ΓρΓµνΓρ 6= 0 in 6D. A modification of the covariantized
Lagrangian and (or) supersymmetry transformations is required to construct a supersymmetric
theory.
To proceed, we specialize to S6 and choose a set of CKSs. The round metric on S6 is
ds2
S6
=
1
(1 + β2x2)2
dxµˆdxµˆ = eµˆeµˆ, (3.4)
where indices with a hat are the flat indices. Indices on coordinates and their differentials will
always be flat indices, i.e., xµ = xµˆ = xµ = xµˆ. A set of frame fields is defined by e
µˆ as
eµˆ ≡ eµˆµdxµ ≡ 1
1 + β2x2
dxµ. (3.5)
We choose spinor parameters ξi to be
ξi =
1√
1 + β2x2
ǫi, (3.6)
where ǫi is a constant spinor. This is a particular set of solutions of CKS equation with4
ξ˜i = ∂µf Γ
µξi, f ≡ −12 log
(
1 + β2x2
)
. (3.7)
We take the Lagrangian on S6 to be the covariantized Lagrangian multiplied with a factor of
eφ, where φ is a position dependent function on S6. Using the supersymmetry variation in eq. (3.2)
and the total derivative term eq. (3.3) we get
δLvec
S6
= eφ
(
∂ρf +
1
4∂ρφ
) [
Fµν
(
ψiΓ
ρµνξi
) − 2Fρν (ψiΓνξi)] + 12eφ∂ρφ Dij (ψiΓρξj) . (3.8)
If we choose φ = −4f , then
δLvec
S6
= 13e
φ Dij
(
/∇ξiψj
)
. (3.9)
We can get rid of this last term by modifying the supersymmetry transformation of the auxiliary
fields to
δ′Dij = δDij + 23
(
/∇ξ(iψj)
)
. (3.10)
This gives a Lagrangian on S6 which is invariant under eight supersymmetry transformations gener-
ated by eight independent solutions of the CKS equation given in eq. (3.6). The overall factor of eφ
captures the position dependence of the inverse squared coupling and it matches with the heuristic
argument given in the introduction.
4The other set is given by Γ
µˆxµˆ√
1+β2x2
ǫi. In r → ∞ limit this corresponds to conformal supersymmetries of flat space.
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3.2. Closure of the supersymmetry algebra
We now compute the action of two supersymmetry transformations on fields in our construction
of (1,0) vector multiplet on S6. For covariantized transformations, this is already given in eq. (3.2).
The supersymmetry transformation of the auxiliary field is modified from the covariantized version
as in eq. (3.10). Only the variation of the gaugino and auxiliary fields is affected by this modification.
3.2.1. The gaugino
For the gaugino we get
δ′2ψi = δ2ψi + 23
(
ψ(i /∇ξj)
)
ξj. (3.11)
We do the computation explicitly for i = 1. After using eq. (B.29) and CKSE we get
δ′2ψ1 = vµ∇µψ1 − Γµνξ1
(
ξjΓρΓµνψj
)
∂ρf + 2
(
ψ1Γµξj
)
ξj∂ρf + 2
(
ψjΓµξ1
)
ξj∂µf. (3.12)
Using the second Fierz identity in eq. (A.13) we can write
Γµνξ
1
(
ξjΓρΓµνψj
)
∂ρf =
∂ρf
4
(
ξ1Γσξj
)
ΓµνΓ
σΓρΓµνψj +
∂ρf
48
(
ξ1Γσδγξj
)
ΓµνΓσδγΓ
ρΓµνψj. (3.13)
After simplifying the gamma matrix structures appearing on the r.h.s5 and expanding the contrac-
tion over the j index we get
Γµνξ
1
(
ξjΓρΓµνψj
)
∂ρf = −14vµ∂νfΓµνψ1 + 154 vµ∂µfψ1 − 14∂µf
(
ξ1Γµνρξ2
)
Γνρψ
1
+ 14∂µf
(
ξ1Γµνρξ1
)
Γνρψ
2.
(3.14)
The third term in eq. (3.12) can be written in the following way by using the second identity in
eq. (A.13).
2∂µfξj
(
ψ1Γµξj
)
= 12∂µf
(
ξjΓνξ
j
)
ΓνΓµψ1 + 124∂µf
(
ξjΓνρσξ
j
)
ΓνρσΓµψ1,
= −12vµ∂νfΓµνψ1 − 12vµ∂µfψ1.
(3.15)
Similarly, using Fierz identity the fourth term in eq. (3.12) becomes
2∂µfξj
(
ψjΓµξ1
)
= −12∂µf
(
ξjΓνξ
1
)
ΓνΓµψj − 124∂µf
(
ξjΓνρσξ
1
)
ΓνρσΓµψj
= 12∂µf
(
ξjΓνξ
1
)
Γµνψj − 12∂µf
(
ξjΓµξ1
)
ψj − 14∂µf
(
ξjΓµνρξ1
)
Γνρψj.
(3.16)
5We use mathematica package FeynCalc [27,28] for gamma matrix manipulations
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Expanding the contraction over j index we get
2∂µfξj
(
ψjΓµξ1
)
= −14vµ∂νfΓµνψ1 − 14vµ∂µfψ1
− 14∂µf
(
ξ1Γµνρξ1
)
Γνρψ
2 + 14∂µf
(
ξ1Γµνρξ2
)
Γνρψ
1.
(3.17)
Finally, combining all the terms we see that
δ′2ψ1 = vµ∇µψ1 − vµ∂νfΓµνψ1 + 3vµ∂µfψ1
= vµ∇µψ1 + 14∇µvνΓµνψ1 + 3vµ∂µfψ1.
(3.18)
A similar result holds for ψ2 with 1→ 2 in the above equation.
3.2.2. Auxiliary fields
We have
δ′2Dij = δ2Dij − 16Fµν
[(
ξiΓνµ /∇ξi)+ (i↔ j)]+ 13 [Djk (ξk /∇ξi)+ (i↔ j)]
= vµ∇µDij +
[(
ξi /∇ξk
)
Djk + (i↔ j)
]
+ 13
[
Djk
(
ξk /∇ξi
)
+ (i↔ j)
]
− 12Fµν
[(
ξiΓρΓµν∇ρξj
)
+ (i↔ j)]− 16Fµν [(ξiΓνµ /∇ξi)+ (i↔ j)] .
(3.19)
We now simplify above terms using CKS equation and Clifford algebra commutation relations. For
terms involving the auxiliary fields we get
(
ξi /∇ξk
)
Djk + (i↔ j) = 3vµ∂µfεikDjk + (i↔ j) = 6vµ∂µfDij.
Djk
(
ξk /∇ξi
)
+ (i↔ j) = vµ∂µfεkiDjk + (i↔ j) = −2vµ∂µfDij.
(3.20)
For terms involving the gauge field we have
−12Fµν
[(
ξiΓρΓµν∇ρξj
)
+ (i↔ j)] = −2Fµν∂ρf (ξiΓµνρξj) ,
−16Fµν
[(
ξiΓνµ /∇ξi)+ (i↔ j)] = −2Fµν∂ρf (ξjΓνµρξj) . (3.21)
These two terms precisely cancel each other. So we conclude that
δ′2Dij = vµ∂µD
ij + 4vµ∂µfD
ij. (3.22)
3.2.3. The closure
The non-trivial part of two supersymmetry variations (i.e., the part without gauge transfor-
mation term) of a field Φ is
δ2Φ = Lv +ΩΦ (2vµ∂µf)Φ ≡ δvΦ, (3.23)
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where the second term is a Weyl transformation with weight ΩΦ. We have ΩA = 0,Ωψ =
3
2 ,ΩD = 2.
We now show that the action is invariant under the bosonic transformation δv. We note that v
µ is
a conformal Killing vector (CKV). Using the CKS equation and the gamma matrix identities, we
find
∇µvν = 4∂[µf vν] + 2vρ∂ρf gµν . (3.24)
Moreover vµ is actually constant,
vµ = ξiΓµξi =
eµµˆ
1 + β2x2
ǫiΓµˆǫi = δ
µ
µˆǫ
iΓµˆǫi, (3.25)
The transformation δv acts only on dynamical fields and leaves the background fields invariant. In
particular
δvgµν = Lvgµν + δWeylgµν = 0. (3.26)
The Lie derivative of metric along vµ is
Lvgµν = 4vρ∂ρf gµν . (3.27)
Then the Weyl transformation of the metric is fixed to be
δWeyl gµν = −4vρ∂ρf gµν . (3.28)
We now examine the variation of the action S =
∫
d6x
√
gLvec
S6
under δv. We first consider the
action of the Lie derivative. The factor
√
geφ transforms as a scalar density of weight 23 , i.e.,
Lv√geφ = vµ∂µ
(√
geφ
)
+
2
3
√
geφ∂µv
µ. (3.29)
Since ∂µv
µ = 0, this terms essentially transforms as a scalar. Since all indices are contracted
properly the rest of the terms in the Lagrangian also transform as a scalar, hence
LvS =
∫
d6x vµ∂µ
(√
gLvec
S6
)
=
∫
d6x ∂µ
(
vµ
√
gLvec
S6
)
= 0. (3.30)
We next look at the action of the Weyl transformations with respect to a parameter Ω =
2vµ∂µf . It is easier to work with a finite version of the infinitesimal Weyl transformation appearing
in δv. Under a Weyl transformation gµν → e2Ωgµν and Φ→ e−ΩΦΩΦ. The Weyl transformations of
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different terms in the Lagrangian are
gµµ
′
gνν
′
FµνFµ′ν′ → e−4Ωgµµ′gνν′FµνFµ′ν′ ,
ψi /∇ψi → e−4Ω
(
ψi /∇ψi + ∂µΩψiΓµψi
)
,
DijDij → e−4ΩDijDij ,
√
geφ → e4Ω√geφ.
(3.31)
Note that the second term in the Weyl transformation for the fermion kinetic term is trivially zero.
So the Weyl transformation leaves the action invariant. We have shown that the supersymmetry
algebra closes off-shell for the supersymmetry parameter ξi. This conclusion is true more generally
when one considers the anti-commutator of two supersymmetry variations w.r.t two different pa-
rameters ξi and ζ i. In that case vµ = ξiΓµζi. The supersymmetry algebra here is isomorphic to the
(1,0) superPoincare´ algebra in R6.
We have only focused on an abelian gauge group but all the analysis goes though for any gauge
group by merely gauge-covariantizing different terms appearing in the action and supersymmetry
transformations. To summarize, the Lagrangian6
Lvec
S6
=
eφ
g2YM
[
1
2F
2 + 12ψ
i /Dψj εij − 14DijDij
]
, (3.32)
is invariant under supersymmetry transformations
δAµ =
(
ξiΓµψ
j
)
εij , δψ
i = −12FµνΓµνξi +Dijξj , δDij = 2ξ(i /Dψj) + 23
(
ψ(i /Dξj)
)
, (3.33)
where Dµ ≡ ∇µ + Aµ is the gauge-covariant derivative. We assume that the gauge indices are
contracted using an invariant bilinear form. We also assume the real form of the gauge group so
that generators are anti-hermitian. This completes the construction of (1,0) vector multiplet on
S
6. One may wonder that the divergence of the overall factor might make the action divergent for
generic field configurations7 . However, one can scale all the fields by a factor of gYMe
−φ. This
eliminates the overall factor and the Lagrangian in terms of new fields is manifestly regular at all
points on the sphere.
4. (1,0) hypermultiplet on S6
We now construct the Lagrangian for (1,0) hypermultiplet on S6. We start by considering free,
on-shell hypermultiplet in R6 and then systematically modify the Lagrangian and supersymmetry
transformations to obtain an interacting, off-shell hypermultiplet on S6.
6Omitting the trace over gauge indices.
7We thank B. Assel for raising this point.
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4.1. Free hypermultiplet
The (1,0) hypermultiplet in 6D consists of four bosonic and fermionic degrees of freedom on-
shell. We denote scalars by 2× 2 matrices φi¯i and the fermions as χi¯. The fermion χi¯ has opposite
chirality as compared to the supersymmetry parameter ξi. Both barred and unbarred indices are
separately raised and lowered by 2× 2 antisymmetric matrices. The flat-space Lagrangian
Lhyp
R6
= 12∂µφ
ij¯∂µφij¯ +
1
4χ
i/∂χi, (4.1)
is invariant under supersymmetry transformations
δφij¯ = ξiχj¯, δχi¯ = 2 /∇φji¯ξj. (4.2)
On S6 the covariantized version of above Lagrangian and supersymmetry transformations gives
δLhyp
S6
= ∇µφij¯
(
χj¯Γ
ρΓµ∇ρξi
)
= −4∇µφij¯
(
χj¯Γ
µξ˜i
)
, (4.3)
which does not vanish in general. We modify the supersymmetry variation of the fermion to
δ′χi¯ = δχi¯ + c φji¯ /∇ξj . (4.4)
Under modified supersymmetry transformations
δ′Lhyp
S6
= (3c − 4)∇µφij¯
(
χj¯Γ
µξ˜i
)
− 92cφij¯
(
χj¯ξi
)
. (4.5)
First term vanishes if c = 43 . The second term can be cancelled by adding a mass term for scalars
with a specific coefficient. It can be checked easily that the right term is 3
r2
φij¯φij¯, i.e., the conformal
mass term in 6D.
4.2. Coupling to a vector multiplet
To include interactions with the gauge field we replace the derivatives with the gauge-covariant
derivatives in the appropriate representation of the gauge group. Supersymmetry requires additional
terms coupling the hypermultiplet to other fields in the vector multiplet. The minimal terms which
couple the gaugino ψi and the auxiliary field Dij to the hypermultiplet are
ψiφ
ij¯χj¯, Dijφ
i
k¯φ
jk¯, (4.6)
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where we have suppressed the gauge group indices. We claim that the supersymmetric coupling of
the hypermultiplet to the vector multiplet is given by the following Lagrangian.
Lhyp
S6
= 12Dµφ
ij¯Dµφij¯ +
1
4χ
i /Dχi +
3
r2
φij¯φij¯ + ψiφ
ij¯χj¯ − 12Dijφik¯φjk¯. (4.7)
To prove our claim we explicitly compute the variation of the above Lagrangian under supersym-
metry transformations. Due to the coupling with the gauge field, the variation of the first three
terms is no longer zero.
δ
(
1
2Dµφ
ij¯Dµφij¯ +
1
4χ
i /Dχi +
3
r2
φij¯φij¯
)
= 12Fµνφij¯
(
χj¯Γµνξi
)
− 14
(
ξiΓµψi
) (
χi¯Γ
µχi¯
)
.
(4.8)
The variation of the fourth term in Lhyp
S6
gives
δ
(
ψiφ
ij¯χj¯
)
=− 12Fµνφij¯
(
χj¯Γµνξi
)
−Dijφik¯
(
ξjχk¯
)
+
(
χj¯ψi
) (
ξiχj¯
)
− 2Dµφij¯ (ψkΓµξi)φkj¯ − 8
(
ψiξ˜k
)
φij¯φkj¯ .
(4.9)
The third term in above equation can be modified using the Fierz identity on the second line of
eq. (A.13).
(
χj¯ψi
)(
ξiχj¯
)
= 14
(
ξiΓµψi
)(
χi¯Γ
µχi¯
)
− 148
(
ξiΓµνρψi
) (
χi¯Γ
µνρχi¯
)
= 14
(
ξiΓµψi
) (
χi¯Γ
µχi¯
)
. (4.10)
Last equality follows due to the fact that ψi is antisymmetric in the gauge indices but the bilinear(
χi¯Γ
µνρχi¯
)
is symmetric. Hence we see that the combined supersymmetry variation of the first
four terms in Lhyp
S6
is
−Dijφik¯
(
ξjχk¯
)− 2Dµφij¯ (ψkΓµξi)φkj¯ − 8(ψiξ˜k)φij¯φkj¯ . (4.11)
The supersymmetry variation of the term involving the coupling of auxiliary field with hypermul-
tiplet bosons can similarly be computed.
1
2δ
(
Dijφ
i
k¯φ
jk¯
)
= −8
(
ψiξ˜k
)
φij¯φkj¯ − 2Dµφij¯ (ψkΓµξi)φkj¯ −Dijφik¯
(
ξjχk¯
)
. (4.12)
First two terms come from variation ofDij and by doing an integration by parts to remove derivatives
acting on the gaugino. Last term comes from the variation of hypermultiplet scalars. This cancels
the supersymmetry variation of the first four terms and we conclude that the Lagrangian Lhyp
S6
given
in eq. (4.7) is invariant under supersymmetry transformations.
Notice that we did not use the explicit form of the CKS in above argument. The hypermultiplet
can be coupled to a background vector multiplet while preserving all sixteen conformal Killing
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supersymmetries. The gauge field can be made dynamical only for the choice of supersymmetry
parameters we made for the vector multiplet. Moreover, we do not have the position dependent
coupling factor in front of the hypermultiplet Lagrangian. It can be put in the same form as
the vector-multiplet Lagrangian by scaling all the fields in the hypermultiplet by e
φ
2 . This then
introduces a position-dependent mass term for the hypermultiplet scalars. We find it convenient to
work with the form of the Lagrangian given in eq. (4.7).
4.3. Off-shell interacting hypermultiplet
So far we have only realized supersymmetry on-shell. For a particular choice of supersymmetry
parameter we can realize the supersymmetry off-shell. To match eight off-shell fermionic degrees of
freedom of hypermultiplet we need four bosonic auxiliary fields Kij¯ . Supersymmetry can be realized
off-shell by appropriately modifying the supersymmetry transformations and the Lagrangian. One
adds Kji¯νj to the supersymmetry transformation of χ
i¯. Here νi is a spinor of negative chirality
which is to be specified in terms of ξi. This is similar to the use of pure spinors in realizing
off-shell supersymmetry for maximally supersymmetric gauge theories. One adds 18K
ij¯Kij¯ to the
Lagrangian. The supersymmetry transformation of Kij¯ is then obtained by requiring the modified
Lagrangian to be invariant under supersymmetry transformations. This leads to
δKij¯ = −2νi /Dχj¯ − 4νiψjφjj¯. (4.13)
We relegate the details of the computation of two supersymmetry transformations of fields to
appendix B.3. It is not possible to close the supersymmetry algebra off-shell for arbitrary νi. We
require
νiΓµνj + ξiΓµξj = 0. (4.14)
An explicit example of such νi is given in appendix A.3. Two supersymmetry variations of hyper-
multiplet fields are computed in appendix B.3. For fermion χi¯ it take the form of a Lie-derivative
and a Weyl transformations as in eq. (3.23) with Ωχ =
5
2 . For scalars and auxiliary fields we get
δ2φij¯ = Lvφij¯ + 2Ωφ vµ∂µfφij + νiξjKjj¯,
δ2Kij¯ = LvKij¯ + 2ΩY vµ∂µfKij¯ − 4νiξj
(
D2φjj¯ − 6
r2
φjj¯ +Dk
jφkj¯ + ψjχj¯
)
,
(4.15)
where Ωφ = 2 and ΩY = 3. The last term in two variations of the scalar (auxiliary) field is pro-
portional to the EoM for auxiliary (scalar) field. It is straightforward to verify that the Lagrangian
is invariant under such a transformation of scalar and auxiliary field. Spinors νi, however, can be
chosen so that this transformation is trivially zero.
The invariance of the action under Lv follows just as in the case of the vector multiplet. Under
a Weyl transformation all but the scalar kinetic and mass terms get scaled by e−6Ω. This cancels
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against the transformation of
√
g in the action. The kinetic term for the scalars change as
1
2
√
gDµφ
ij¯Dµφij¯ →
(
1
2Dµφ
ij¯Dµφij¯ + 2φ
ij¯φij¯∂µΩ∂
µΩ− 2φij¯∂µφij¯∂µΩ
)
(4.16)
the conformal mass term for the scalar receive extra modification because of the change of the scalar
curvature under Weyl transformation
3
r2
√
gφij¯φij¯ =
R
10
√
gφij¯φij¯ →
√
gφij¯φij¯
(
R
10 − 2∂µΩ∂µΩ−∇2Ω
)
. (4.17)
The second terms above and in the transformation of the scalar kinetic term cancel. The third term
combine to give a total derivative and we deduce that the action is invariant.
5. Localization of the path integral
In this section we apply the localization procedure for theories constructed in this paper. We
will show that for the vector multiplet, the partition function localizes onto solutions of HYM
equations, everywhere except at the south pole. Computation of the full partition function needs a
detailed knowledge of solutions of HYM equations and is beyond the scope of this paper. Similarly
the path integral for the hypermultiplet localizes onto configurations where the gauge-covariant field
strengths of the two complex hypermultiplet scalars are related by an almost complex structure on
S
6. In the perturbative sector, a simple solution of localization locus is also a solution of EoMs of
conformally coupled scalar field.
5.1. Vector multiplet
To implement the localization procedure we choose a supercharge Q which generates supersym-
metry transformations w.r.t a specific parameter ξi as defined in eq. (3.6). We normalized ξi(∝ ǫi)
such that
ǫi†ǫi = 1, no sum over i. (5.1)
We next take the Q-exact Lagrangian to be QV where
V vec|bos ≡
(
Qψi†
)
ψi, QV vec = (Qψ1)† (Qψ1)+ (Qψ2)† (Qψ2) , (5.2)
where
(Qψi)† is defined in terms of the holomorphic fields and the spinor parameter ξi. We will
define it in such a way that it coincides with the complex conjugation of Qψi along the contour
{Dij = −Dij, Aµ = Aµ}. Along this contour the auxiliary field D12 is real while D11 = −D22.
The bosonic part of the standard action of the (1, 0) vector multiplet is positive definite along
this contour. Terms involving the gauge field are manifestly positive definite. The auxiliary fields
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contribute −14DijDij = 12
((
D12
)2
+ |D11|2
)
, which is also positive definite.
To proceed we assume
ξ1 = ξ2, ξ2 = ξ1. (5.3)
Note that this is a consistent condition8. Supersymmetry transformations still depend on the two
parameters ξ1 and ξ2 holomorphically. We define
(Qψ1)† = 12Fµνξ2Γµν −D22ξ1 −D12ξ2, (Qψ2)† = 12Fµνξ1Γµν +D12ξ1 +D11ξ2. (5.4)
A straightforward computation then gives9
(
1 + β2x2
) (Qψ1)† (Qψ1) = 12FµνFµν − 18FµνFρσ I(1)γδ εµνρσγδ − 12DijDij
+ 12Fµν
(
D11ǫ2Γµνǫ2 +D22ǫ1Γµνǫ1
)−D12 (D11ǫ2ǫ2 +D22ǫ1ǫ1)(
1 + β2x2
) (Qψ2)† (Qψ2) = 12FµνFµν − 18FµνFρσ I(2)γδ εµνρσγδ − 12DijDij
− 12Fµν
(
D11ǫ2Γµνǫ2 +D22ǫ1Γµνǫ1
)
+D12
(
D11ǫ2ǫ2 +D22ǫ1ǫ1
)
,
(5.5)
where we have defined
I(i)µν ≡ iǫ†iΓµνǫi. (5.6)
I(i)µ ν provide two almost complex structures on S6 which are equal if ξi = iξi. The vector field vµ
vanishes identically under this condition. Nevertheless this condition is consistent with eq. (5.3)
and ξi = εijξ
j. We impose this condition and drop the superscript (i). It is shown in appendix B.4
that Iµν satisfies following identities.
IµνIνρ = −δµρ, εµνρσγδIρσIγδ = −8Iµν . (5.7)
Combining the two terms in eq. (5.5) we get the following simple form for the localization
Lagrangian.
QV vec = 1
1 + β2x2
(
FµνF
µν − 14FµνFρσ Iγδ εµνρσγδ −DijDij
)
, (5.8)
We next write the localization Lagrangian in a manifestly positive-definite form. The term involving
auxiliary fields is already positive-definite as argued earlier. For the term involving the vector field,
we decompose the 2-form field strength w.r.t to the almost complex structure as follows.
Fµν = F
+
µν + F
−
µν +
1
6F
0Iµν , F± = ± ⋆ (F ∧ I) . (5.9)
8For N = 1 theory on S4 such a condition will not be consistent because ξ1 and ξ2 have opposite chirality. This
remains a key obstacle in doing a localization analysis for N = 1 supersymmetry on S4.
9Bilinear in this equation are simply inner products of spinors and various Gamma matrices, without the usual
insertion of the charge conjugation matrix.
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where F+(−) has six(eight) independent components. More explicitly
F+µν =
1
2
(
Fµν + IµρIνσFρσ − 13Iµν (IρσFρσ)
)
,
F−µν =
1
2 (Fµν − IµρIνσFρσ) ,
F 0 = IρσFρσ.
(5.10)
The localization Lagrangian can now be written as
QV vec = 1
1 + β2x2
(
2
(
F−
)2
+ 12
(
F 0
)2
+ 2
(|D12|2 + |D11|2)) . (5.11)
Hence the localization locus is given by
F 0 = 0, F− = 0, Dij = 0, everywhere expect at the south pole. (5.12)
First two equations are called Hermitian Yang-Mills equations [29]. These are natural analogues
of (anti)-self-duality condition in four dimensions which describe instanton configurations. For the
case of six-sphere these are studied in [30,31]. We leave a detailed analysis of the localization locus
and computation of partition function for future work.
5.2. Hypermultiplet
Localization analysis for the hypermultiplet can also be performed in a completely analogous
manner. We choose a localization Lagrangian QV hyp ∝ (Qχi)†Qχi, with Q being the same super-
charge as the one used in the case of vector multiplet.
(Qχi)† is defined as
(Qχi)† = 2Oµφ2 i¯ξ1Γµ + 2Oµφ1 i¯ξ2Γµ +K2 i¯ν1 +K1 i¯ν2, (5.13)
where Oµ = Dµ + 4∂µf . This definition coincides with the complex conjugation along the contour
{φij¯ = φij¯ ,Kij¯ = Kij¯}. We choose the spinors νi as ν1 = Cξ2, ν2 = Cξ1, where C is the charge
conjugation matrix. A straightforward computation gives the following
(
1 + β2x2
)QV hyp = 4Oµφij¯Oµφij¯ − 8Iµν (Oµφ12¯Oνφ11¯ +Oµφ12¯Oνφ11¯)+Kij¯Kij¯. (5.14)
The term involving auxiliary fields is positive definite. First two terms can also be written as a
manifestly positive definite form by completing the square
(
1 + β2x2
)QV hyp = 8(Oµφ12¯ − IµνOνφ11¯)(Oµφ12¯ − IµνOνφ11¯)+Kij¯Kij¯ . (5.15)
Auxiliary fields vanish at the localization locus and scalar fields satisfy
Oµφ12¯ − IµνOνφ11¯ = 0, everywhere except the south pole. (5.16)
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This is one complex and two real constraints. We do not attempt to solve for a general solution to
this constraint here. A simple solution is Oµφij = 0. This corresponds to
φij = Cijβ
(
1 + β2x2
)2
, (5.17)
where Cij are dimensionless constants valued in the appropriate representation of the Lie algebra.
This φij is actually a solution of the EoMs of the classical action. The value of the classical action,
however, is divergent unless Cij vanish identically. Moreover one can explicitly check that this a
UV divergence localized at the south pole where the value of the scalar field diverges. So the path
integral for the hypermultiplet does not receive contribution from this simple solution of eq. (5.16).
We conclude this section by showing that for the fields satisfying eq. (5.16) the supersymmetry
variation of hypermultiplet fermions is zero. We focus on δχ1¯, computation for δχ2¯ is analogous.
We argue this point by showing that all bilinears of δχ1 with ξ1 and ξ1c ≡ Cξ1 vanish. We first show
this for ξ1c. The even ranked bilinear vanish trivially as both δχ1¯ and ξ1c have negative chirality.
A short computation gives
ξ1cΓµδχ1¯ = −
(
Oµφ21¯ + IµνOνφ11¯
)
− i
(
Oµφ11¯ − IµνOνφ21¯
)
, (5.18)
which vanishes on the locus eq. (5.16).
For the rank-3 bilinear we get
ξ1cΓµνρδχ1¯ = −
(
Oσφ21¯ − iOσφ11¯
)(
1
2ε
µνρσαβIαβ − i (Iνρδµσ + cyc. perms.)
)
(5.19)
Using the second identity in eq. (5.7) we can write
1
2ε
µνρσαβIαβ = −IµνIρσ + cyc. perms. of {µ, ν, ρ}, (5.20)
Using this we get
ξ1cΓµνρδχ1¯ = −Iνρ
(
Oµφ11¯ − IµσOσφ21¯
)
− iIνρ
(
Oµφ12¯ + IµσOσφ11¯
)
+ cyc. perms., (5.21)
which again vanishes on the locus in eq. (5.16).
For ξ1, the odd-ranked bilinears are identically zero due to the opposite chirality. The zero-
ranked bilinear is proportional to the vector field vµ and hence vanishes identically without using
the localization locus equations. For the rank-2 bilinear we use Fierz identities to reduce it to the
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bilinear that we have already computed.
ξ1Γµνδχ1¯ = ξ1ΓµΓνδχ1¯ ∝ ξ1ΓµΓνδχ1¯ (ξ1cξ1)
= 14
(
ξ1Γµξ1
) (
ξ1cΓνδχ1¯
)
− 18
(
ξ1Γαβµξ1
)(
ξ1cΓαβνδχ1¯
)
+ 14
(
ξ1Γαµνξ1
) (
ξ1cΓαδχ
1¯
)
= 0.
(5.22)
In the first line we have proportional sign because
(
ξ1cξ1
)
= 1
1+β2x2
. The second line follows from
the Fierz identity on the third line of eq. (A.13). All bilinears on the second line involve ξ1c and
δχ1¯ and vanish as we have shown earlier.
6. Conclusions and outlook
In this paper we constructed theories on S6 with (1,0) supersymmetry. We wrote down explicit
Lagrangians for vector and hypermultiplets with off-shell supersymmetry. We also determined the
localization locus for the path integral in these theories. We showed that the path integral for
the vector multiplet localizes onto solutions of Hermitian Yang-Mills equations. In the perturbative
sector we showed that the path integral for the hypermultiplet localizes to field configurations where
the field strength of two hypermultiplet scalars is related to each other. There are a number of issues
left open for future research on which we comment now.
First one would like to compute the partition function and other supersymmetric observables
for these theories. This requires a complete analysis of the localization loci derived above. One also
needs to understand how to take into account the configurations localized at the south pole. It will
be worthwhile to explore various approaches to this problem. One can modify the Lagrangian near
the south pole to capture the contribution from the singular scalar field configurations discussed
in previous section. Such singularities are generally related to operator insertions at the south
pole. This is similar to the singular field configurations produced by surface operators in N = 4
SYM [32]. It is also possible to use a different supercharge for localization which may give a different
and simpler localization locus. This may also be achieved by suitably modifying the localization
term. Computation of partition function in the non-perturbative sector is even more challenging.
Non-perturbative configurations of gauge fields in higher dimensions are not well understood10. Any
progress in this direction will be an important step towards understanding the structure of partition
function of these theories.
A possible extension of this work is to construct supersymmetric theories with non-constant
coupling on spheres of different dimensions. A simple example will be 6D (1, 1) theory which arises
by taking the hypermultiplet in our construction to be in the adjoint representation of the gauge
group. This would be a construction of the maximally supersymmetric theory on S6 different than
10We thank D. Harland for pointing out that there is precisely one known solution of HYM equations on S6 given
in [30].
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the one given in [7]. This hints at the existence of different formulations of maximally supersym-
metric theories in other dimensions. One can consider the dimensional reduction of 10D SYM but
allowing for a non-constant coupling. We report this analysis in a companion paper [33].
Another interesting issue is to extend our analysis to include tensor multiplets on S6. For
consistent theories in 6D with different gauge groups one needs to include a certain number of tensor
multiplets [34, 35]. Due to the self-duality constraint on the 3-form field strength the Lagrangian
for the tensor multiplet cannot be written in a simple manner. However it is reasonable to expect
that the analysis of supersymmetry can be performed at the levels of EoMs and the correct form of
supersymmetry transformations can be determined. This would be of significant importance because
the detailed structure of the partition function depends on the supersymmetry transformations
(a` la localization) and the actual Lagrangian only appears in the weighting factor multiplying
contributions to the path integral from different loci. We hope to explore these issues in future.
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A. Clifford algebra conventions
A.1. Clifford algebra in even dimensions
Here we list our spinor conventions and useful properties of Clifford algebra in 4D and 6D
Euclidean space. We start with some generalities about Clifford algebra d = 2n dimensions.
The charge conjugation matrix C and gamma matrices satisfy the following:
Ctr = (−)n(n+1)2 C, C∗ = (−)n(n+1)2 C−1, Γtrµ = (−)nC−1ΓµC = Γ∗µ. (A.1)
From these one can derive following useful identities
(Γµ1µ2···µk)
tr = (−)nk (−)
k(k−1)
2 C−1Γµ1µ2···µkC = (−)
k(k−1)
2 Γ∗µ1µ2···µk = (−)nk C−1 (Γµ1µ2···µk)† C.
(A.2)
Covariantly transforming bilinears of spinors are defined as follow:
(ψχ) ≡ ψtrC−1χ. (A.3)
Using this definition and anti-commutation relations of gamma matrices we can obtain the following
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identity:
ψΓµ1Γµ2 · · ·Γµkχ = σ (−)nk (−)n(n+1)2 χΓµkΓµk−1 · · ·Γµ1ψ, (A.4)
where σ = +(−) for commuting (anti-commuting) spinors. From this identity one can immediately
derive the following.
ψΓµ1µ2···µkχ = σ (−)k(k−1)2 (−)nk (−)n(n+1)2 χΓµ1µ2···µkψ, (A.5)
For 4D and 6D, following special cases of above identities will be frequently used.
ψΓµχ = −σχΓµψ, ψΓµ1µ2µ3χ = +σχΓµ1µ2µ3ψ, ψΓµ1Γµ2Γµ3χ = −σχΓµ3Γµ2Γµ1ψ. (A.6)
One can define a chirality matrix Γ in even dimensions as follows:
Γ ≡ (−i)n Γ12···d. (A.7)
For even n, the irreducible chiral representation of Spin(2n) is real and for odd n it is complex. A
useful identity relating different clifford algebra elements is
Γµ1µ2···µp =
in
(2n−p)!εµ1µ2···µdΓΓ
µd···µp+1 (A.8)
For two positive chirality spinors, we have the following identity:
ψ±Γ
µ1Γµ1 · · ·Γµkχ± = (−)n+k ψ±Γµ1Γµ1 · · ·Γµkχ±, (A.9)
where the subscript denote the chirality of the spinor. For opposite chirality spinors we have an
extra minus sign on the right hand sign.
A.2. Fierz Identities
For 4D we have the basic Fierz identity which can be derived by usual methods:
χψtr = 14 (ψχ)C +
1
4 (ψΓ
µχ) ΓµC − 18 (ψΓµνχ) ΓµνC − 14 (ψΓµΓχ) ΓµΓC + 14 (ψΓχ) ΓC. (A.10)
From this we can obtain following four identities:
χ± (ψ±η∓) = 0 = −18 (ψ±Γµνχ±) Γµνη∓,
χ± (ψ±η±) =
1
2 (ψ±χ±) η± +
1
8 (ψ±Γ
µνχ±) Γµνη±,
χ∓ (ψ±η±) =
1
2 (ψ±Γ
µχ∓) Γµη±.
(A.11)
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In 6D the basic Fierz identity takes the following form :
χψtr = 18 (ψχ)C +
1
8 (ψΓ
µχ) ΓµC − 116 (ψΓµνχ) ΓµνC − 16×8 (ψΓµνρχ) (ΓµνρC)
− 18 (χΓψ) (ΓC)− 18 (ψΓµΓχ) (ΓµΓC) + 116 (ψΓµνΓχ) (ΓµνΓC) .
(A.12)
From this we obtain following identities for 6D spinors
χ± (ψ±η±) = 0 = − 148 (ψ±Γµνρχ±) Γµνρη±,
χ± (ψ±η∓) =
1
4 (ψ±Γ
µχ±) Γµη∓ − 148 (ψ±Γµνρχ±) Γµνρη∓,
χ∓ (ψ±η∓) =
1
4 (ψ±χ∓) η∓ − 18 (ψ±Γµνχ∓) Γµνη∓.
(A.13)
A.3. Explicit gamma matrices and Killing Spinors
A set of explicit Gamma matrices in Euclidean 6D is given by
Γ1 =


1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 −1

 Γ2 =


0 −i 0 0 0 0 0 0
i 0 0 0 0 0 0 0
0 0 0 i 0 0 0 0
0 0 −i 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 −i 0 0 0
0 0 0 0 0 0 0 −i
0 0 0 0 0 0 i 0


Γ3 =


0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1
0 0 0 0 −1 0 0 0
0 0 0 0 0 −1 0 0

 Γ4 =


0 0 −i 0 0 0 0 0
0 0 0 −i 0 0 0 0
i 0 0 0 0 0 0 0
0 i 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 i
0 0 0 0 −i 0 0 0
0 0 0 0 0 −i 0 0


Γ5 =


0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

 Γ6 =


0 0 0 0 −i 0 0 0
0 0 0 0 0 −i 0 0
0 0 0 0 0 0 −i 0
0 0 0 0 0 0 0 −i
i 0 0 0 0 0 0 0
0 i 0 0 0 0 0 0
0 0 i 0 0 0 0 0
0 0 0 i 0 0 0 0


(A.14)
The indices on gamma matrices are the flat ones. A spinor of positive(negative) chirality has the
general form
ǫ± = (a,∓a, b,±b, c,±c, d,∓d) . (A.15)
For the hypermultiplet a supersymmetry is realized off-shell if we choose ǫ1 and ν1 to be the
positive and negative chirality spinors specified by
a = eiθ1 cos(Θ), b = eiθ2 sin(Θ) cos(Ψ), c = eiθ2 sin(Θ) cos(X) sin(Ψ), d = eiθ1 sin(Θ) sin(X) sin(Ψ).
(A.16)
We choose ǫ2 and ν2 to be complex conjugates of ǫ1 and ν1 respectively.
To carry out localization analysis we imposed another consistence condition on supersymmetry
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parameters, i.e., ξi = iξi. Spinor parameters which satisfy this requirement are specified by.
(θ1, θ2) = {
(
pi
4 ,
pi
4
)
,
(
pi
4 ,−3pi4
)
,
(−3pi4 , pi4 ) , (−3pi4 ,−3pi4 )} (A.17)
B. Technical details of some computations
In this appendix we give details of some computations whose results are used in the paper.
B.1. Covariantized supersymmetry variation of covariantized Lagrangian in 4D and 6D
Covariantized Lagrangian in both 4D and 6D has the following form:
L = 14F 2 + 12ψi /∇ψi − 14DijDij. (B.1)
In 4D, ψ1 has positive chirality while ψ2 have negative chirality. In 6D, however, they both have
positive chirality. The supersymmetry variation of the first and the last term in the Lagrangian is
straightforward to evaluate:
δ
(
1
4F
2
)
= Fµν∇µ
(
ξiΓνψi
)
,
δ
(−14DijDij) = −Dij (ξi /∇ψj) . (B.2)
The supersymmetry variation of the kinetic term for fermion takes the following form:
δ
(
1
2ψ
i /∇ψi
)
= δψi /∇ψi + 12∇µ
(
δψiΓ
µψi
)
, (B.3)
where we have kept a total derivative term for future reference. After using δψi, the first term
becomes
δψi /∇ψi = −FµνξiΓν∇µψi +Dij
(
ξi /∇ψj
)− 12ξiΓνµρ∇ρψiFµν (B.4)
Using Bianchi identity for the gauge field, the last term on the r.h.s can be written as
− 12ξiΓνµρ∇ρψiFµν = 12Fµν∇ρξiΓνµρψi − 12∇ρ
(
ξiΓνµρψiFµν
)
. (B.5)
Combining all these terms, the total change in the Lagrangian becomes
δL = Fµν∇µξiΓνψi + 12Fµν ∇ρξiΓνµρψi + t.d = 12Fµν
(∇ρξiΓνµΓρψi)+ t.d,
= 12Fµν
(
ψiΓ
ρΓµν∇ρψi
)
+ t.d.
(B.6)
The last equality follows by using the identity in eq. (A.6) for anti-commuting spinors. t.d denotes
the total derivative term
t.d = 12∇µ
(
δψiΓ
µψi
)− 12∇ρ (ξiΓνµρψiFµν) . (B.7)
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Using δψi, the first term on the r.h. s becomes:
1
2∇µ
(
δψiΓ
µψi
)
= −14∇µ
(
ξiΓµρνψi
)
Fρσ +
1
2∇µ
(
FµνξiΓνψi
)− 12∇µ (DijξiΓµψj) , (B.8)
so the total derivative term is
t.d = −14∇ρ
(
Fµν
(
ψiΓ
ρµνξi
))
+ 12∇µ
(
Fµν
(
ψiΓνξ
i
))− 12∇ρ (Dij (ξiΓρψj)) . (B.9)
Note that the results in eqs. (B.6) and (B.9) hold in 4D and 6D.
B.2. Two covariantized supersymmetry variations in 4D and 6D
Now we compute the change in the fields under two successive covariantized supersymmetry
transformations. We will find the following two relations useful in our computations:
ξiΓµξj = 12v
µεij , ξiΓµνρξj = ξjΓµνρξi. (B.10)
It follows from the second relation that ξiΓµνρξi = 0.
(1) The gauge field
Using the supersymmetry transformation of gauge field and fermion given in eq. (2.6) one gets
δ2Aµ = −12F νρξiΓµΓνρξi −DijξiΓµξj, (B.11)
Using eq. (B.10), this becomes
δ2Aµ = −vνFµν = LvA− ∂µ (Aνvν) . (B.12)
Since we did not assume any specific form of the supersymmetry parameter, the above relation
holds in general, as long as the supersymmetry transformations of gauge field and the fermion have
the form given in eq. (2.6).
(2) The gaugino
Using the covriantized supersymmetry transformations of eq. (2.6), we get the following:
δ2ψi = Γµνξi
(
ψjΓν∇µξj
)
+ ξi
(
ξj /∇ψj
)− ΓµΓνξi (ξjΓν∇µψj)
+ξj
(
ξi /∇ψj)+ ξj (ξj /∇ψi) . (B.13)
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For simplicity, let us do the computation for i = 1. The i = 2 case is completely analogous. We get:
δ2ψ1 = Γµνξ1
(
ψjΓν∇µξj
)− 2ξ1 (ξ1 /∇ψ2)+ ΓνΓµξ1 (ξ1Γν∇µψ2)
+ 2ξ2
(
ξ1 /∇ψ1)− ΓνΓµξ1 (ξ2Γν∇µψ1) . (B.14)
Let us now specialize to 4D and 6D separately to simplify the above expression.
4D
In this case, the first term on the second line in eq. (B.14) is zero and we can write:
δ2ψ1 = Γµνξ1
(
ψjΓν∇µξj
)− ΓµΓνξ1 (ξ1Γν∇µψ2)− ΓνΓµξ1 (ξ2Γν∇µψ1) . (B.15)
Now we use Fierz identities of eq. (A.11) to see that
ΓµΓνξ1
(
ξ1Γν∇µψ2
)
= 2Γµ∇µψ2
(
ξ1ξ1
)
= 0,
ΓνΓµξ1
(
ξ2Γν∇µψ1
)
= 2∇µψ1
(
ξ1Γµξ2
)
.
(B.16)
The second equality on the first line follows from eq. (A.6) because ξ1 is a commuting spinor. So
δ2ψ1 = vµ∇µψ1 + Γµνξ1
(
ψjΓν∇µξj
)
. (B.17)
For ψ2 we get a similar expression with 1→ 2 in the above equation.
If the supersymmetry parameters are Killing spinors then the second term on the r.h.s of δ2ψ1
vanishes. Moreover one can show that vµ is a Killing vector in this case. Hence δ2ψi is equal to the
Lie derivative of the spinor ψi along a Killing vector.
If ξi satisfy CKS equation, ∇µξi = Γµξ˜i = βΓµξi, then we need to analyze the second term
appearing on the r.h.s of δ2ψ1 further. This term can be written as
Γµνξ1
(
ψjΓν∇µξj
)
= −ξ1 (ψ2 /∇ξ1)+ ΓµΓνξ1 (ψ2Γν∇µξ1)− ξ1 (ψ1 /∇ξ2)+ ΓνΓµξ1 (ψ1Γν∇µξ2)
(B.18)
Now we use 4D Fierz identities to simplify above terms. We have
−ξ1 (ψ2 /∇ξ1) = −12 ( /∇ξ1Γµξ1)Γµψ2 = 2β (ξ1Γµξ2)Γµψ2,
ΓµΓνξ1
(
ψ2Γν∇µξ1
)
= −2Γµψ2 (ξ1∇µξ1) = −2β (ξ1Γµξ2)Γµψ2. (B.19)
So these two terms cancel each other. The next two terms become:
−ξ1 (ψ1 /∇ξ2) = 12 ( /∇ξ2 ξ1)ψ1 + 18 ( /∇ξ2 Γµνξ1)Γµνψ1 = −β2 (ξ1Γµνξ1)Γµνψ1,
+ΓνΓµξ1
(
ψ1Γν∇µξ2
)
= 2ψ1
(∇µξ2Γµξ1) = 8βψ1 (ξ1ξ1) = 0. (B.20)
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So,
Γµνξ1
(
ψjΓν∇µξj
)
= −β2
(
ξ1Γµνξ1
)
Γµνψ
1. (B.21)
For CKS, the vector field vµ ≡ ξjΓµξj is a Killing vector field and it satisfies the following:
∇µvν = 2βξ1Γµνξ1 + 2βξ2Γµνξ2. (B.22)
From this we can write
∇µvνΓµνψ1 = 2βξ1Γµνξ1Γµνψ1. (B.23)
The term involving ξ2 vanishes due to the first Fierz identity in eq. (A.11). Similar conclusions hold
for δ2ψ2. Combining everything we conclude that for CKS in four dimensions
δ2ψi = vµ∇µψi + 14∇µvνΓµνψi = Lvψi. (B.24)
6D
Now we start wit the general form given in eq. (B.14). Using the second Fierz identity in
eq. (A.13), we have
−2ξ1 (ξ1 /∇ψ2) = 124 (ξ1Γµνρξ1)Γµνρ /∇ψ2
= − 124Γσ
[(
ξ1Γµνρξ1
)
Γµνρ∇σψ2
]
+ 14
(
ξ1Γµνρξ1
)
Γµν∇ρψ2
= 14
(
ξ1Γµνρξ1
)
Γµν∇ρψ2,
(B.25)
where the last equality follows due to the first Fierz identity in eq. (A.13).
Using the third identity in eq. (A.13), we get
Γν
(
Γµξ1
(
ξ1Γν∇µψ2
))
= Γν
[
1
4
(
ξ1Γµξ1
)
Γν∇µψ2 − 18
(
ξ1ΓρσΓµξ1
)
ΓρσΓν∇µψ2
]
= −14
(
ξ1Γµνρξ1
)
Γµν∇ρψ2,
(B.26)
where the second equality follows by using Clifford algebra commutation relations and noting that
ξ1Γµξ1 = 0. Hence we see that the second and the third term in δ2ψ1 as given in B.14 cancel each
other. Other terms appearing there can also be simplified in a similar fashion. For the fourth term,
upon using Fierz identity and after some algebra we get
2ξ2
(
ξ1 /∇ψ1) = 12vµΓµ /∇ψ1 − 14 (ξ1Γµνρξ2)Γµν∇ρψ1. (B.27)
And the last term in δ2ψ1 takes the following form after using Fierz identity and Clifford algebra
commutation relations.
− Γν [Γµξ1 (ξ2Γν∇µψ1)] = vµ∇µψ1 + 14 (ξ1Γµνρξ2)Γµν − 12vµΓµ /∇ψ1. (B.28)
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Hence these two terms combine to give vµ∇µψ1. One gets a similar result for ψ2. So two super-
symmetry variations of the guagino take the following form in both 4D and 6D:
δ2ψi = vµ∇µψi + Γµνξi
(
ψjΓν∇µξj
)
. (B.29)
For a KS, the second term vanishes and we get a Lie derivative along the Killing vector field
vµ.
(3) Auxiliary field
For auxiliary fields, using covariantized supersymmetry transformations, one gets
δ2Dij = −12
(
ξiΓρΓµνξj
)∇ρFµν − 12 (ξiΓρΓµν∇ρξj)Fµν
+
(
ξiΓµξk
)∇µDjk + (ξi /∇ξk)Djk + (i↔ j) . (B.30)
The first term in the above equation actually vanishes due to Bianchi identity and i ↔ j anti-
symmetry of ξiΓµξj.
− 12
(
ξiΓρΓµνξj
)∇ρFµν + (i↔ j) = − (ξiΓρµνξj)∇ρFµν − vµ∇νF νµ (ǫij + ǫjI) = 0. (B.31)
The third term in δ2Dij just becomes
(
ξiΓµξk
)∇µDjk + (i↔ j) = vµ
2
ǫik∇µDjk+↔ J = vµ∇µDij. (B.32)
So the full action of two supersymmetry transformation on Dij becomes
δ2Dij = vµ∇µDij + 2
(
ξ(i /∇ξk
)
Dj)k − 12Fµν
(
ξiΓρΓµν∇ρξj + i↔ j
)
. (B.33)
In 4D, the last two terms vanish for all KS and CKS. In 6D, they vanish for KS but not for CKS.
B.3. Two supersymmetry variations of the hypermultiplet
Here we give details of the computation of two supersymmetry transformations acting on fields
in the hypermultiplet.
Scalars
We have
δ2φij = ξiδχj¯ = 2ξiΓµξkDµφ
kj¯ + 8ξiΓµξkφ
kj¯∂µf + ξ
iνkK
kj¯
= vµDµφ
ij¯ + 4vρ∂ρfφ
ij¯ +
(
ξiνk
)
Kkj¯.
(B.34)
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Fermions
The two supersymmetry various of the fermion χi¯ take the following form
δ2χi¯ = 10 ∂µfΓ
µξj
(
ξjχi¯
)
+ 2∂µfΓνξj
(
ξjΓµνξ i¯
)
+ 2Γµξj
(
ξjDµχ
i¯
)
+ 2Γµξj
(
ξkΓµψk
)
φkI
− 2
(
νj /Dχi¯
)
νj − 4
(
νjψk
)
φki¯νj.
(B.35)
These terms can be brought in the desired form by using Fierz identities and relations satisfied by
νis.
10 ∂µfΓ
µξj
(
ξjχi¯
)
= 52v
µ∂µfχ
i¯ − 52vµ∂νfΓµνχi¯,
2∂µfΓνξj
(
ξjΓµνξ i¯
)
= 52v
µ∂µfχ
i¯ + 32v
µ∂νfΓµνχ
i¯,
2Γµξj
(
ξjDµχ
i¯
)
= 12v
µDµχ
i¯ − 12vµΓµνDνχi¯,
2Γµξj
(
ξkΓµψk
)
φkI = −vµΓµψjφji¯
−2
(
νj /Dχi¯
)
νj =
1
2v
µDµχ
i¯ + 12v
µΓµνDνχ
i¯
−4 (νjψk)φki¯νj = vµΓµψjφji¯.
(B.36)
Combining all these we get
δ2χi = Lvχi¯ + 5vµ∂µfχi¯. (B.37)
Auxiliary fields
We have
δ2Kij¯ = −2νiδ
(
/Dχj¯
)
− 4νiδ
(
ψkφ
kj¯
)
, (B.38)
After using the supersymmetry transformation of χi¯ and the vector field Aµ, the first term in above
equation becomes
−2νiδ
(
/Dχj¯
)
= vµDµK
ij¯ + 6vµ∂µfK
ij¯ − 2 (νiΓµνξk)Fµνφkj¯
− 4 (νiξk) (D2φkj¯ − 6r2φkj¯)+ 2(νiΓµχj¯)(ξkΓµψk) . (B.39)
Last term can be modified using Fierz identities resulting into
−2νiδ
(
/Dχj¯
)
= vµDµψ
ij¯ + 6vµ∂µfK
ij¯ − 2 (νiΓµνξk)Fµνφkj¯
− 4 (νiξk) (D2φkj¯ − 6r2φkj¯ + 34ψkχj¯)− 12 (νiΓµνξk)(ψkΓµνχj¯) . (B.40)
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Second term in δ2Kij¯ takes the form
4νiδ
(
ψkφ
kj¯
)
= 2
(
νiΓµνξk
)
Fµνφ
kj¯ − 4 (νiξk)Djkφjj¯ + 4 (νiψj) (ξjχj¯) , (B.41)
After using Fierz identities to simplify the last term, we get
4νiδ
(
ψkφ
kj¯
)
= 2
(
νiΓµνξk
)
Fµνφ
kj¯−4 (νiξk) (Djkφjj¯ + 14ψkχj¯)+ 12 (νiΓµνξk)(ψkΓµνχj¯) (B.42)
Combining all the term we finally get
δ2Kij¯ = LvKij¯ + 2ΩY vµ∂µfKij¯ − 4
(
νiξj
) (
D2φjj¯ − 6
r2
φjj¯ +Dk
jφkj¯ + ψjχj¯
)
. (B.43)
B.4. Almost complex structures
Here we prove the identities of eq. (5.7) for Iµν ≡ iǫ†Γµνǫ, where ǫ is a constant spinor. Using
Fierz identity on the third line of A.13 we can write:
IµρIρν = −14ǫ†ΓµρΓρνǫ+ 18ǫ†ΓµρΓσδΓρνǫǫ†Γσδǫ
= δµ
ν
(
−54 + 18ǫ†Γσδǫǫ†Γσδǫ
)
− IµρIρν
(B.44)
The second equality is obtained by using standard gamma matrix relations and the definition of
Iµν . The same Fierz identity also gives ǫ†Γσδǫǫ†Γσδǫ = −6. Using this on easily obtains
IµρIρν = −δµν . (B.45)
To prove the second identity we start by using eq. (A.8) to write
εµ1µ2µ3µ4µ5µ6Iµ3µ4Iµ5µ6 = 2iǫ†Γµ3µ4ǫǫ†Γµ1µ2µ3µ4ǫ
= 2iǫ†Γµ3µ4ǫǫ
†Γµ3µ4Γµ1µ2ǫ+ 4iǫ†Γµ1µ2ǫ
= −8iǫ†Γµ1µ2ǫ = −8Iµ1µ2 ,
(B.46)
where the second equality follows by expressing the rank four gamma matrix in terms of lower rank
matrices. The third equality follows by using Fierz identity.
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